UNIVERSAL FAMILIES OF RATIONAL TROPICAL CURVES 



GEORGES FRANCOIS AND SIMON HAMPE 



Abstract. We introduce the notion of families of n-marked smooth rational tropical 
curves over smooth tropical varieties and establish a one-to-one correspondence between 
(equivalence classes of) these families and morphisms from smooth tropical varieties into 
the moduU space of n-marked abstract rational tropical curves A4n- 



1. Introduction 

The moduli spaces 7W„ of n-marked abstract rational tropical curves have been well known 
for several years. An explicit description of the combinatorial structure of Mn and its 
embedding as a tropical fan can be found in ITSl and O. However, so far the moduli 
spaces A4n have only been parameter spaces, i.e. in bijection to the set of tropical curves. 
In classical geometry or category theory, moduli spaces also carry a universal family which 
induces all possible families via pull-back along a unique morphism into A4n- This paper 
finds a tropical counterpart by giving a suitable definition of a family of tropical curves and 
proving that the forgetful map ft : Ain+i ~> -Mn is then indeed a universal family. 

After briefly recalling some known facts in section |2] we study the construction of a tropi- 
cal fibre product in the case where all involved varieties are smooth. For this we define the 
notion of a locally surjective morphism which might be seen as a tropical analogue of flat- 
ness. We conclude that when one of the morphisms is locally surjective, the set-theoretic 
fibre product can indeed be considered as a tropical fibre product (theorem l3.9b . 

In section |4] we define families of rational curves. We prove that the forgetful map of the 
moduli spaces A4n can be made into such a family by constructing appropriate markings 
(proposition l4.9b . Finally, we use the fibre product of the previous section to see that each 
morphism into A4n induces a family of curves (corollary 14. 12t . 

In section |5] we establish the inverse operation, namely we prove that each family of n- 
marked curves also gives rise to a morphism into Ain- This leads to our main theorem 1576] 
which gives a bijection between equivalence classes of families of n-marked curves over a 
smooth variety B and morphisms B Mn- 

In the last section we prove that there is a bijective pseudo-morphism, a piecewise linear 
map respecting the balancing condition, between two equivalent families. In case that 
the domain of one of the families is a smooth variety, this map is even an isomorphism 
(theorem l6.2b . 

We would like to thank our advisor Andreas Gathmann for many helpful discussions and 
comments and the anonymous referee for many constructive comments on how to improve 
and generalise this paper. 



1991 Mathematics Subject Classification. Primary 14T05, Secondary 14D22. 

Key words and phrases. Tropical geometry, universal family, rational curves, moduli space. 

1 



2 



GEORGES FRANCOIS AND SIMON HAMPE 



2. Preliminaries and notations 

In this section we quickly review some results on tropical intersection theory and the mod- 
uli space MnOf n-marked abstract rational tropical curves. 

2.1. Tropical intersection theory: A weighted polyhedral complex A" in a vector space 
F = M A associated to a lattice A is a pure-dimensional rational polyhedral complex in 
V all of whose maximal cells a E X are equipped with an integer weight ijjx{a). Each cell 
a <E X induces a linear subspace Va of V generated by differences of vectors in cr and a 
sublattice A^ := 14- n A of A. If r < cr is a codimension 1 face of a, then Ua-/r denotes the 
(primitive) normal vector of cr relative to r. A tropical cycle AT in is the equivalence class 
modulo refinement of a weighted polyhedral complex XinV that satisfies the balancing 
condition for each codimension 1 cell r G ;i;f(dim a'-i) . 

u:xi'j)-u,/r=OeV/Vr. 

A tropical variety is a tropical cycle which has only positive weights. A representative X 
of a tropical cycle X is called a polyhedral structure of X. If X has a polyhedral structure 
X which is a fan, then we call X a fan cycle and X a fan structure of X. The support \X\ 
of a cycle X is the union of all maximal cells of non-zero weight in a polyhedral structure 
of X. A tropical cycle F is a subcycle of a cycle X if |F| C \X\. The additive group 
of all d-dimensional subcycles of X is denoted Zd{X), where the sum of two cycles is 
obtained by taking the union of polyhedral complexes and adding weights for appropriate 
polyhedral structures. A cycle X is called irreducible if Zdimx(-'f) = Z • A". The star 
Starx (p) of the cycle X around the point p is the tropical cycle whose support consists 
of vectors v E V such that p + ev is in X for small (positive) e and whose weights are 
induced by the weights of X. If X, X' are polyhedral structures of two cycles X, X', then 
the crossproduct AT x AT' is given by the polyhedral structure X x X' with weight function 
<^xxX'{o' X a') — WA'(cr) • ujx'{o'')- More details can be found in |[2] section 2] which 
covers fan cycles, |i2j section 5] which introduces abstract cycles (which are more general 
than cycles in vector spaces), and 111 11 section 1.1 and 1.2] whose notation we follow in 
this article. 

A morphism / : A" — > F of tropical cycles is a map from \X\ to \Y\ which is locally 
integer affine linear; that means it is locally the sum of an integer linear function and a 
translation by a real vector One says that / respects the weights if for suitable polyhedral 
structures X, y and for of all maximal cells a E X the weights of a and /(cr) are equal. 
The morphism / is an isomorphism if it respects the weights and has an inverse which is 
also a morphism. The linear part of the affine linear function that describes a morphism 
/ : AT — > F around a point p in X gives a morphism A/,p : StSirx{p) Stary(/(p)) 
between the stars. 

A rational function on a tropical cycle AT is a piecewise integer affine linear function (p : 
I AT I M; that means there is a polyhedral structure X of X such that for all a E X the 
restriction of ip to a is the sum of an integer linear form (pcr G A^ and a real constant. The 
intersection product tp ■ X € ZdimJs:-i(^) is given by the polyhedral structure ip ■ X := 
X \ with the weight function 

aeX:a>T \aeX:a>T / 

where the Va-fr G V are representatives of the normal vectors Uo-/r (|2, section Sl. lfTTl 
section 1.2]). Note that the support |(^ • ATj is contained in the domain of non-linearity 
\ip\ of ip. The pull-back of a rational function tp on Y along a morphism f : X ^ Y is 
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defined as f*ip ip o f and is a rational function on X. If C is a subcycle of X, then the 
projection formula states that 

where /* : Zd{X) 7id{Y) denotes the push-forward of cycles discussed in fS^ construc- 
tion 2.24], fT, sections 4 and 7] and lUJ section 1.3]. 

2.2. Matroid varieties: Matroid varieties B{M) which have been studied in lini5l [T3lfT4l 
constitute an important class of tropical varieties. They have a canonical fan structure 
B{M) which consists of cones 

(^) := 1^ KVf^ : Ai, . . . , Ap_i > 0, Ap e k| 

corresponding to chains (0 C Fi C . . . C Jp_i C Fp = E{M)) of flats of a 

(loopfree) matroid M having ground set E{M) [n]. Here Vp = ^J^ieF^i^ where 
ei, ... ,6,1 form the standard basis of M" and all maximal cones of B{M) have trivial 
weight 1. The fan structure B{M) was introduced in |[T| and is often called the fine 
subdivision. Note that matroid varieties naturally come with a lineality space containing 
R.(l,...,l). 

A tropical variety X is smooth if it is locally a matroid variety modulo lineality space 
B(M)/L (cf. im section 6]). This means that for each point p in X, the star Starx(p) is 
isomorphic to a matroid variety modulo lineality space. Crossproducts and stars of smooth 
varieties are again smooth varieties. Recall that L" denotes the curve in R" which consists 
of edges R<o ■ ei, i = 0, 1, . . . , n (all having trivial weight 1), where ei, . . . , e„ form the 
standard basis of R" and gq — — (ei + . . . + e„). Then smooth curves are exactly the 
curves which are locally isomorphic to i" for some n. 

A main property of smooth varieties which will be crucial in the next section is that they 
admit an intersection product of cycles having the expected properties (|4, theorem 6.4] 
and lfT2l section 3]). Furthermore, if / : X — > F is a morphism of smooth varieties, then 
we can pull back any cycle C £ 'LdimY-r(Y) to obtain a cycle f*{C) £ ZdimX-r{X) 
||4] definition 8.1]: More concretely the pull-back is given by 

nC) :=n4rf.{XxC)), 

where tt : X xY ^ X is the projection to X, the graph T f E Zdim x{X xY) is the push- 
forward of X along the morphism x i— > {x, f{x)) and the intersection product is computed 
on the smooth variety X x Y. 

In the case where only Y is smooth, we can still pull back each point pinY along / |[3] 
remark 4.11]: The smoothness of Y implies that there is a unique cocycle (p e (j<^™'^ ^ (Y) 
such that if ■ Y = p; therefore, one can define the pull-back of p as f*p :— f*ip ■ X. 
Cocycles are locally given by sums of products of rational functions; we can thus use the 
above formula for rational functions to compute intersection products of cocycles with 
tropical cycles |3, definitions 3.13 and 3.24, proposition 3.28]. The ability to pull back 
points along morphisms with smooth target cycles will be an essential ingredient to define 
families of curves in definition l4.1l 

2.3. Moduli spaces: In |6 section 3] the authors map an n-marked rational curve to the 
vector whose entries are pairwise distances of its leaves and use this to give the moduli 
space Mn of n-marked abstract rational tropical curves the structure of a tropical fan of 
dimension n — 3 in g„ := R(S)/Im(?i„), where 4>n maps x e R" to {x^ + Xj),<j. The 
edges of Ain are generated by vectors t;/|„ :— vj (with / C [n], 1 < |/| < n — 1) cor- 
responding to abstract curves with exactly one bounded edge of length 1 separating the 
leaves with labels in / from the leaves with labels in the complement of /. Furthermore, 
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the relative interior of each /c-dimensional cone of corresponds to curves with exactly 
k bounded edges, whose combinatorial type (i.e. the graph without the metric) is the same. 
The forgetful map ftg := ft : Ain+i -Mn forgetting the 0-th marked end is the mor- 
phism of tropical fan cycles induced by the projection tt : m( ^ ) ^(2) |^ proposition 
3.12]. Note that, in order to simplify the notations, we equip Ain+i with the markings 
0,1, ... ,71, when we consider the forgetful map. 

It was shown in |T, section 4] and fT, example 7.2] that „ is even isomorphic to a matroid 
variety modulo lineality space (this was already hinted at in ifTl. lfTSi . see also il6, theorem 
5.5.]) and thus admits an intersection product of cycles: if B(if„_i) denotes the matroid 
variety corresponding to the matroid AI{Kn-i) associated to the complete graph Kn-i 
on n — 1 vertices, then Al„ is isomorphic to B(fC„_i)/L, with L = M • (1, . . . , 1). Note 
that the ground set of A/(if„_i) is the set of edges of Kn-i, whereas its flats are exactly 
the sets of edges of vertex-disjoint unions of complete subgraphs of Kn-i. Concretely, the 
isomorphism is the restriction to B(/i„_i)/L of the isomorphism 

/:M("^')/L ^ M(S)/Im((/)„) 

r \ n \ ■ , , I O7 if G j} 

I 2 ■ fli J, else 

In this setting the forgetful map is thus induced by the projection tt : M.(^) — > m( 2 )_ 



3. Tropical fibre products 



The aim of this section is to construct a tropical fibre product in the case that all involved 
cycles are smooth and one of the morphisms is locally surjective: 

Definition 3.1. A morphism f : X Y of tropical varieties is called locally surjective if 
for every point p in X, the induced linear map 

A/,p : Starjf (p) ^ Stary(/(p)) 

is surjective. 

Lemma 3.2. Let f : X ^ Y be a locally surjective morphism. Then the following holds: 

• Let X ,y be polyhedral structures of X and Y such that /{t) G y for all t ^ X 
(cf. ifTTl lemma 1.3.4]j. For t ^ X we have 

f{U{T)) = U{f{T)), where U{t) := |J rel int(cr). 

In particular, f is an open map, i.e. maps open sets to open sets. 

• Let if be a rational function on Y. Then the domain of non-linearity of ip o f is 
equal to the preimage of the domain of non-linearity of ip, i.e. 

\Vof\=f-\\^\). 

Proof. The first part obviously follows from the local surjectivity of /. Note that the set of 
all possible U (r) for all possible polyhedral structures of X forms a topological basis of 
the standard euclidean topology on \X\. For the second part it suffices to prove that (p is 
locally linear at p e F if and only if o / is locally linear at some point q G f^^{p). But 
this is already clear from the first part. □ 

Lemma 3.3. Let Y be a smooth variety and let f : X ^ Y be a locally surjective 
morphism. Then the intersection-theoretic fibre over each point y in Y has only positive 
weights and its support agrees with the set-theoretic fibre, that means 

\riy)\-r'{y}- 
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In order to prove this we need the following lemma: 

Lemma 3.4. Let M be a matroid of rank r on the set [m\. Let L M • (1, . . . , 1). Then 
max{xi, . . . , XmY^^ ■ B(A/) — L. 

Proof. We set (f := max{a;i, . . . , x^} and denote by T{M) the truncation of M, i.e. the 
matroid obtained from M by removing all flats of rank r — 1. Let J- := {% = Fq C. 
Fi . . . C Fr-2 C Fr-1 := E{M)) be a chain of flats with tm{Fi) = i for i < j and 
rM(-Fi) — i + I for i > j + 1- Note that Lp is linear on the cones of B{M) and satisfies 
(P{Vf) = -1 if F = E{M), and otherwise. As 

VF = VF^^,+i\F flat with C F C Fj+i I - 1) • Vp^ , 

F flat of M with Fj CFCFj + i 

it follows directly from the definition of intersecting with rational functions that ip-B{M) = 
B{T{M)). Now a simple induction proves the claim. □ 

Proof of lemma [Ol Let j/ be a point in Y and let a; be a point in X with f{x) = y. As the 
intersection- theoretic computations are local, it suffices to show the claim for the induced 
morphism \f_x on the respective stars; that means we can assume that / is linear, X is a 
fan cycle, F is a matroid variety modulo lineality space and y = 0. Let r be the dimension 
of Y. We choose convex rational functions (pi such that y — (pi ■ ■ ■ (pr ■ Y. This can be 
done by decomposing Y into a cross product of matroid varieties modulo 1 -dimensional 
lineality spaces (cf. |4, section 2]) and then using lemma [3T4l We show by induction that 
1*^1 ■ ■ ■ f *Vr ■ X is a cycle having only positive weights and satisfying 

\f*ip,---f*iPr-X\^f-\\ip,---^r-Y\), 

which implies the claim because f*{y) ~ f *^i ■ ■ ■ f *fr ■ X: Since is convex and 

f*'Pi ■ ■ ■ f*'Pr ■ X has only positive weights, it follows from [11 , lemma 1.2.25] that the 
positivity of the weights is preserved and that 

l/Vi-l • /V« • • • /Vr • ^1 = \{f*fi-l)\\fvi---f*v^-X\\, 

where the right hand side is the domain of non-linearity of the restriction of the rational 
function f*ipi^i to (the support of) f*(pi ■ ■ ■ f*<p>r ■ X. By induction hypothesis, this is 
equal to the domain of non-linearity 

which by lemma l372l coincides with 

Note that our induction hypothesis (for stars around different points) and the locality of 
intersecting with rational functions (cf. (IT. proposition 1.2.12]) ensure that the restriction 
of / to f*(pi ■ ■ ■ f*'fir ■ X satisfies the assumptions of lemma l3.2l □ 

Remark 3.5. Lemma [33] ensures that all set-theoretic fibres of a locally surjective mor- 
phism have the expected dimension. Therefore, local surjectivity might be seen as a tropi- 
cal analogue of flatness. 

Definition 3.6. Let f : X ^ Y and /' : X' — > F be morphisms of smooth varieties. 
Assume that /' is locally surjective. Recall that the diagonal Ay £ Zdimr x Y) is just 
the push-forward of Y along the morphism y H> (y, y). Then we define the tropical ^i>re 
product 

X Xy X' := (/ X /')*(Ay) G ZdimX+dimX'-dimyC-'f X X') 
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to be the pull-back of the diagonal Ay along the morphism of smooth varieties / x /' : 
X X X' ^ Y xY. Let ttx, ttx' be the projections from X x X' to X and X' respectively. 
As the support of the pull-back satisfies 

|(/ X /')*(Ay)| C (/ X /r'dAyl) = {{x,x') eXxX': f{x) - /'(x')}, 

we obtain the following commutative diagram of tropical morphisms: 



X XyX' 


X 






X' 


Y 



Remark 3.7. We will see later in theorem lJ!9] that the assumption that /' is locally surjective 
is needed to make sure that X Xy X' is indeed a fibre product. Therefore, we can only 
define it for this case. 

Proposition 3.8. Using the notations and assumptions of definition \3.6\ we have 

^xip) ^ {p} X rifip)), 

for each point p in X. 

Proof. In this proof, by abuse of notation, ttx,t^X',t^xxX' denote projections from a 
product of X, Y, X' to the respective cycle. Let ip e C"^™^(X) be the (uniquely defined) 
cocycle such that ip-X = p JS] corollary 4.9]. By the projection formula and commutativity 
of intersection products fi^, proposition 3.28] we have 

^xip) =^*xV-{Xxy X') - (7rxxX')*r/x/' • (M X X' X Ay). 

Since we know by |4, theorem 6.4(9) and lemma 8.4(1)] that 

{p} X X' X Ay ^ {{p} X X' xY xY) ■ {X X X' X Ay) 

and T f ■ {{p} x Y) — {{p, f{p)}, the above is equal to 

Mx(7rx')*((r/' x{/(p)}).(X'x Ay)). 

Now it follows in an analogous way from |4j theorem 6.4(9) and lemma 8.4(2)] that the 
latter equals 

{p} X {7:x'Ur(r,n ■ ix' xY X {fip)})) 

^{p}x{nx'Urf,.{X'x{f{pm 

-Mxr(/(p)). 

□ 

We are now ready to state the main theorem of this section. 

Theorem 3.9. If f : X ^ Y, f : X' ^ Y are morphisms of smooth tropical varieties 
and f is locally surjective, then the support of X Xy X' is 

\X Xy X'\ = {{x,x') eXxX' : fix) = f'{x')}. 

In particular, X Xy X' satisfies the universal property of fibre products. 

Proof. Combining lemma 1373] and proposition 13 . 8 1 we immediately obtain that the support 
of X Xy X' is {{x,x') e X X X' : f{x) f'{x')}. For the second part, let Z be the 
domain of two tropical morphisms g : Z ^ X , g' : Z X' such that fog — /' o g' . 
Then it is clear that z H> G{z) {g{z), g'{z)) is the only morphism from Z to X Xy X' 
such that Tlx ° G = g and ttx' o G ~ g' . □ 
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Remark 3.10. Unfortunately, the tropical fibre product is not uniquely defined by the "trop- 
ical universal property": Changing the weights of X Xy X' m such a way that it still satis- 
fies the balancing condition produces a non-isomorphic cycle that still fulfils the "tropical 
universal property". This happens because a tropical morphism whose inverse is again a 
morphism is not necessarily an isomorphism. Therefore, one might try to give a slightly 
stronger definition of a tropical morphism, somehow respecting the weights, in order to fix 
this flaw. However, since this is far beyond the scope of this paper and we do not actually 
need the universal property, we do not look further into this . 

Remark 3.11. Let X and X' be polyhedral structures of X and X' . For two cells a ^ X 
and a' G X' we define the cefl a Xy o' := {{x,x') £ a x a' : f{x) = f'{x')}. By 
theorem l3.9l 

X Xy X' := {axy a' -.a e X,a' G X'} 
is a polyhedral structure of X Xy X'. 

We prove in the next propositions that fibre products are tropical varieties (i.e. all weights 
are positive) and the projections ttx : X Xy X' ^ X are locally surjective. 

Proposition 3.12. All maximal cells of X Xy X' have positive weight. In particular, 
X Xy X' is a tropical variety. 

Proof. Let cr be a maximal cell of X Xy X', where X, X' are polyhedral structures of 
X, X'. Let p be a point in the interior of a. We know by Proposition 13.81 and Lemma [33] 
that the pull-back tt^ {ttx (p) ) of the point ttx (p) along the morphism ttx ■ X XyX' X 
has only positive weights. Set n := dimX + dimX' — dimY. The locality of the 
pull-back operation implies that the pull-back of the origin along the morphism Att^ ,p ■ 
{y>Xy.YX'{cr) ■ R") Starx(7rx(p)) has only positive weights. As there are convex 
rational functions (fi,..., ipdim x on the smooth cycle Starx (ttx (p) ) that cut out the origin 
and 

it follows from ifTTl Lemma 1.2.25] that the weight LOxy.YX'{(^) is positive. □ 
Proposition 3.13. The projection morphism ttx : X Xy X' — > X is locally surjective. 

Proof. Let p be a point contained in some cell a Xy a' and let g e a for some a > 
a. Consider f{q) as an element of Stary(/(p)). By the local surjectivity of /', it has 
a preimage v under /' in some a' > a'\ so the point (g,^) is in ^"wx-xyX^p) and is 
obviously mapped to q by ttx . □ 

4. Families of curves and the forgetful map 

The aim of this section is to prove that every morphism from a smooth variety X to 7M„ 
gives rise to a family of curves. We start by defining families of curves over smooth 
varieties. 

Definition 4.1 (Family of curves). Let n > 3 and let B be a smooth tropical variety. 
A locally surjective morphism T A- B of tropical varieties is a prefamily of n-marked 
tropical curves if it satisfies the following conditions: 

(1) For each point 6 in _B the cycle g*{b) is a smooth rational tropical curve with 
exactly n unbounded edges that are called the leaves of g* (6). 

(2) The linear part of g at any cell t in (some and thus any polyhedral structure of) T 
induces a surjective map A^i^. : A^. — > Ag(^) on the corresponding lattices. 
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A tropical marking on a prefamily T A i? is an open cover {Ue,0 G Q} of B together 
with a set of integer affine Hnear maps : Ug T,i ~ 1, . . . ,n, such that the following 
holds: 

(1) For all 61 G 8, i = 1, . . . , n, we have g o sf = idug. 

(2) For any b G Ue if h, ■ ■ ■ ,ln denote the leaves of the fibre g*{b), then for each 
i G [n] there exists exactly one j € [n] such that s|(6) e 1°, where 1° denotes the 
leaf without its vertex. 

(3) For any 9 ^ C, ^ Q and 6 G ?7e H Uq, the points sf (fo) and s^(6) mark the same 
leaf of g*{b). Note that we do not require them to coincide. 

A family of n-marked tropical curves is then a prefamily with a marking. 

We call two famihes T B,T' ^ B equivalent if for any 6 in B the fibres g* (6), g'* (b) 
are isomorphic as n-marked tropical curves. 

Example 4.2. 

• The morphism 

TT : L'/ X M ^ M, {xi,...,Xn,y) ^ y, 

together with the trivial marking y i-> {ei,y), i = 0, 1, . . . , n, is a family of 
{n + l)-marked curves. 

• We consider the tropical curves Xi := L\ and X2 := (M x {0}) + ({0} x R), 
where the latter is a sum of tropical cycles. Let us consider the morphisms 

TTi : i" X ^ M, (Xi, . . .,Xn,yi,y2) ^ 2/2- 

Although TT* (p) — Li X {p} for all points p in M, tt^ is not a family of curves: e.g. 
fori G {l,2}andp= ((0, . . . , 0), (-1, 0)) G L^* x the map 

X^^,p : StiiVLixxAp) - ^1 X K ^ Starii(O) 9^ R 

is just the constant zero map. Geometrically, we see that the set-theoretic fibre 
7r~^{0} is 2-dimensional. This illustrates the necessity of the local surjectivity 
without which tt,tti,tt2 would be equivalent families with completely different 
domains x R, i" x Xi, L" x X2 (compare to section|6]l. 

Remark 4.3. While the first condition in the definition of a prefamily is self-explanatory, 
the second requires some justification. We will see later that for all cells r in (a polyhedral 
structure of) T on which g is not injective, condition (2) is already implied (cf. lemma 
15.17b . However, we will need condition (2) on all cells r, including those on which g 
is injective, to show that the locally affine linear map B ^ AAn induced by the family 
T ^ i? is an integer map and thus a tropical morphism (cf. definition 15.11 proposition 
15.91 ). It is, in fact, not clear to us whether there exists an example of a locally surjective 
morphism with smooth curves as fibres, where this condition is not fulfilled or whether this 
condition can actually be dropped. 

We now want to show that the forgetful map ft : AAn+i M.n is a family of n-marked 
curves. Therefore, we prove that it is locally surjective: 

Lemma 4.4. For n > 3 and v G Mn+i, the map Xit,v is surjective. Hence the forgetful 
map is locally surjective. 

Proof. Let r be the minimal cell of A^„+i containing v and let C be the curve correspond- 
ing to the point v. Let w' be an element of StaiMn (ftl^))- Then w' corresponds to a curve 
which is obtained from the curve corresponding to it{v) by resolving some higher- valent 
vertices. If we resolve the same vertices in C, we get a curve C" corresponding to a point 



UNIVERSAL FAMILIES OF RATIONAL TROPICAL CURVES 



9 



v' S A^n+i such that ft(i;') = w' . In particular, the combinatorial type of C corresponds 
to a cell t' > r, so v' E Stai-^^^^ (u). □ 

We compute the fibres of the forgetful map in the following proposition. 

Proposition 4.5. Let ft : A4n+i — Mn be the forgetful map. Then for each point p in 
M.n, the fibre ft*(p) is a smooth rational curve having n unbounded edges. 

Our proof makes use of the following lemma. 

Lemma 4.6. The edge M>o ■ '^'{o,ti} has trivial weight 1 in the fibre ft*(0). 

Proof. Using the isomorphism / : B(iir„)/L — > Ain+i introduced in section 2 we have 
to compute the fibre over the origin of the projection tt : B(i^„)/L -> B(i4r„_i)/L 
which forgets the coordinates XQ^i. Note that we gave Kn and Kn-i the respective vertex 
sets {0, 1, . . . , n — 1} and {1, . . . , n — 1} and that by abuse of notation we denoted both 
lineality spaces by L. If tt : B{Kn) — s> B(i4r„_i) is the "naturally lifted" projection, 
then ||4] proposition 8.5] states that 7r*(0) ~ {n* (L))/ L. This enables us to use lemma 
13.41 to conclude that fr*{L) — ■ B(if„), where Lp := max{a;ij- : < i < j < 

n — 1}. Let G be the flat of M{Kn) corresponding to the complete subgraph with vertex 
set {1, . . . ,ri — 1}. It is easy to see that Lp is linear on the cones of B{Kn) and that 
lp{Vf) = — 1 if F G {G, E{Kn)}, and ^piVp) — otherwise. A straightforward induction 
shows that the cone associated to (0 C _F\ C . . . C Fns-k Si G C E{Kn)), where 
r{Fi) = i, has weight 1 in (/7'=-6(is:„)- It follows that R>o-W{o,n} = /((0 S G C E{K^))) 
has weight 1 in ft* (0). ' □ 

Proof of proposition \4.5\ We know from ifTTl proposition 2.L21] that for each p in A4n 
there is a smooth rational irreducible curve Cp which has n unbounded ends and whose 
support \Cp\ is equal to the set-theoretic fibre ft^^{p}. The edges of Co are simply K>o • 
i'{o,i}> with i G [n]. The local surjectivity of the forgetful map implies that 

\R*ip)\=h-'{p}^\Cp\. 

Therefore, the irreducibility of Cp allows us to conclude that it*{p) — Xp ■ Cp for some 
integer Xp. Since any two points in A^„ are rationally equivalent |@] theorem 9.5] and the 
forgetful map is compatible with rational equivalence |4, remark 9.2], we conclude that 
ft*(p) and ft*(0) are rationally equivalent and thus Xp — Xq. This finishes the proof as 
Ao = 1 by the previous lemma. □ 

As the forgetful map clearly fulfils the second axiom on a prefamily, the following corollary 
is a direct consequence of proposition 14 . 5 1 and lemma l4~4l 

Corollary 4.7. The forgetful map ft : A4n+i ■Mn is a prefamily of n-marked tropical 
curves. 

We now want to define a marking on the forgetful map. To do that, we need a basis of the 
ambient space Qn of A4n- In 1 8, section 2] the authors construct a generating set in the 
way that we will shortly describe and it is easy to see (e.g. by induction on n, using the 
forgetful map) that it becomes a basis if we remove an arbitrary element. 

For any k € {!,..., n}, we set 

Vk^n:=Vk:= {vi;kil,\l\ = 2}. 

For any Iq C {1, . . . , ti} with vjg E Vk we define 

Vt--^V^" ■.= Vk\{vj„}. 
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Lemma 4.8. Let vj G A4n, I ^ [n] and assume that k ^ I. Then we have 



VI 



Ejtf/,,,ey/o f,7, otherwise 



Proof. It was shown in [8] lemma 2.4, lemma 2.7] that J^weVk ^ — ™d that vi = 
J2vseVk SCI ''^s- This implies the above equation. □ 

For the following proposition, for each i ~ 1, . . . , n we fix an arbitrary Io{i) with G 
Vi^n and write Wi,n ■= v/'^^^^ for simpHcity. 

Proposition 4.9. There exists a tropical marking on the forgetful map such that, as a 
marked curve, the fibre over each point p in A^„ is exactly the curve represented by that 

point. In particular, {A4n+i ~^ Mn, sf) is a family of n-marked rational tropical curves. 



Proof. Again, fTT", proposition 2.1.21] tells us that the fibre over each point is exactly the 
curve represented by that point (without markings). 

The idea of the construction is the following: We define the marking on the basis curves 
vi by placing the mark on the i-th leaf with a fixed distance a from the vertex of the leaf. 
However, this cannot work globally: Linearity of the map implies that for some element vj 
not in the basis, the mark now actually moves towards the vertex when moving outwards 
along the ray (vj). Since the mark has to stay on the relative interior of the leaf, this 
means that the map is only feasible on the open subset of points that have distance less 
than a from the origin. We then cover Ain by these subsets for appropriate a and obtain a 
marking. 

For a G N>o we define 

Ua-=l J2 A/f/;A/>0;^A/<ain|7W„|. 
{vieM„ ) 

Clearly {Ua, a G N>o} is a cover of A^„. Now pick any a G N>o, i G {!,..., n}. We 
define 

sf ■■ Ua Mn+i;V ^ a ■ i;{o,j} + Ai{v), 

where Ai : Qn —5- Qn+i is the linear map defined by Ai{vi) = for all w/ G VF^.n. 

Note that in this proof the vi represent curves with markings in {1, . . . , n} and thus live 
in Qn, whereas the vi\n+i correspond to curves with markings in {0, 1, . . . , n} and thus 
live in Qn+i- We have to show that this defines indeed a map into A4n+i and that it is a 
tropical marking. 

For this, we choose any vi G A1„ and assume without restriction that i ^ I, since vi = 
vio. By lemma |4~8] we have 



VI 



Ejp,vjew,.„^J' otherwise ' 
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and similarly in Mn+i- 

JCI,vjeWi,n + l JQI,VjeWi,n 

f^I\n+l = ^ \- X- , . 

2^ vj = - 2^ vjin+i - 2^ V{ojy, otherwise 

n 

Ai{vi) + W{o,i}) otherwise (since ^^^'{o.j} = 0) 
Summarising we obtain for A S [0, a): 

\{a - A)w{o,i} + Xvi\n+i, otherwise 

Now for an arbitrary t; = ^ A/ii/ G Ua (where we can assume that all the vj with A/ ^ 
lie in the same maximal cone in Mn) we have 

Io<ZI 

^ V ' 

>0 

In particular this is a vector in a leaf of the fibre of v which as a set can be described as 
A/t;7|„+i + 7f{o,i} , 7 > 0}, and for different i this marks a different leaf. Also it is 
clear that for different a, a' and v G f/a H Ua', sf and sf' mark the same leaf. Hence the 
sf define a tropical marking. □ 

We will now prove that any two markings on the forgetful map only differ by a permutation 

on{l,...,n}. 

Proposition 4.10. For any two families of tropical curves of the form 

there exist isomorphisms (j) : Mn — >■ Mn and ip '■ Mn+i Mn+i such that fto oip = 
o fto and such that for any b in Mn, V' identifies equally marked leaves o/fto(&) and 
ftg((A(6)) in the two families. Furthermore, 4>,ijj are induced by permutations on the coor- 
dinates of U.^'^^ andR^ ^ ) respectively. 

Proof We can assume without restriction that both markings (sf), (rf) are defined on the 
same open subsets Ug. Since they are tropical markings, if we choose 9 such that & U$, 
we must have for aU i that 

for some permutations (7i,cr2 S S„, Af,/of > 0. Note that by definition of a marking, 
(Ti , (72 are independent of the choice of 9. 

We can extend cri, (T2 to bijections cti, (J2 on {0, 1, ... , n} by setting a'i(O) = CT2(0) = 0. 
These bijections induce automorphisms of ]r( ^ ) and m(2) given by 

^ ^{{a20a-'){i),S20<f^^){3)}' 

which map lva{(j>) to lva{(j>) and thus give rise to automorphisms 

Ip : Mn+l ^ Mn+l, (t):Mn^Mn- 

Since the 0-mark which is discarded by fto is not affected by a\ , a2 we conclude that 
fto o0 = ^ o fto. We wiU now prove compatibiUty with markings for ray vectors vj: 
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Let vi ^ Uq \Mn\ with i <^ I and assume <j) ^{vi) — ''^{aioa^^){i) Ue Q \Mn\- 
Then we have 

r,^(w/) = i;/|„+i + A-W{o.a2(i)} 

for some A and 

(V- o si o r^){vi) = o 4)(Vio^r^)(/)) 

= 9^(Vio<T-^)(/)|«+i + P • for some p 

= ^(a20a-'-oaioa-'-)(I)\n+l + ' ^ {0,{a2Oa-'- oai){i)} 
= 1'/|n+l + P • ""{0,(72(1)} 

which Hes on the same leaf as r^{vi). For an arbitrary vector v = ^ a/W/ the same 
argument can be appHed by Hnearity of (j>. □ 

We now apply our theory to assign a family of n-marked curves to each morphism from a 
smooth cycle to Ain- Let us first introduce some notation. 

Notation 4.11. Let X be a smooth variety and f : X ^ Ain a morphism. Then we denote 
by X-^ the fibre product 

Xf X Xm„ M G ZdiniX+l(AL X Mn+l)- 

We conclude in the following corollary that the projection ttx ■ X^ — > X is a family of 
n-marked curves. 

/ 

Corollary 4.12. For each morphism of smooth varieties X — > Mn, w^e obtain a family of 
n-marked rational curves as 

{xf^^x,tt), 

where tf : f^^{Ua) — > X^ , x i-t- {x, sf o f{x)) and sf is the marking on the universal 
family from proposition \4.9\ 

Proof. The cycle X^ is a tropical variety by proposition 13 . 1 2 1 and ttx is locally surjective 
by pi'oposition l3.13l Each fibre 7r^(p) = {p} x ft*(/(p)) is a smooth rational curve with 
n leaves by propositions 13 . 81 and 14.51 It is obvious that ttx satisfies the second prefamily 
axiom and that tf is indeed a marking. □ 

Example 4.13. We finish the section by introducing an alternative way of constructing the 
moduli spaces Ain- Let us briefly recall the notion of tropical modifications introduced in 
ifTOl section 3.3] and used in this construction. The modification of a cycle XinV along 
the rational function (p on X is the cycle 

■— max{7r^<y9, y} ■ X x R, 

where ttx : X x M. ^ X is the projection to X and y is the coordinate describing M. 
In other words, the modification is the graph of ip made balanced by adding cells in the 
direction {0, —1) G V x M.. If Y ^ p ■ X one says, by slight abuse of notation, that T^p^x 
is the modification of X along Y. 

We prove in the following proposition that Mn+2 is the modification of the fibre product 
Ain+i Xai„ Ain+1 along the codimension 1 subcycle Am„+i- This leads to an alterna- 
tive procedure of constructing Ain which is of course very similar to construction of the 
classical moduli spaces Mo,n in ^ section L4]. 

Our proof uses the fact that Ain is isomorphic to B{Kn-i) / L and the connection between 
tropical modifications and the matroid-theoretic concepts of deletions and contractions. If 
S is the set of flats of a matroid M and e G E{M), then the set of flats of the deletion M \ e 
is {F\{e} : F e S}, whereas the set of flats of the contraction M /e is {F : FU{e} e S}. 
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In the case that e is not a coloop, the matroid variety B{M) is the modification of B(Af \ e) 
along B(M/e) (cf. ||T2) proposition 2.24] or E] proposition 3.10]). 

Proposition 4.14. Let Tr_\4„+i '■ -^n+i ^ -^n+i be the family of n-marked curves in- 
duced by the forgetful map ft : A^„+i — )• Ain- Then the modification of M.^^j^i along its 
codimension 1 subcycle A^^^j^ is the moduli space of {n + 2)-marked abstract rational 
curves M.n+2- 

Proof. Let Kn+i be the complete graph on the vertex set {0, 1, . . . , n}. It suffices to prove 
that A^J^+i is isomorphic to B{M{Kn+i) \ {0,n))/L and that A;vi„+i is isomorphic to 
B(M(if„+i)/(0, n))/L, where L = M • (1, . . . , 1) and (0, n) denotes the edge between 
and n. We consider the injective linear map 

/ : r("J')"1 m(3) X 1^(2) 

{^i.j)o<i<j<n:{i,j)^{Q,n) ^ iiXi,j)o<i<j<n-l , {xij)l<i<j<n) ■ 

Let ttq, TTn '■ 1^(2) m( 2 ) be the projections that forget all coordinates XQ^i and Xi^n re- 
spectively; in other words, they describe the forgetful maps fto, ft,i. Let 7r(o,„) : k( 2 ) 
m( 2 )-i be the projection which forgets the coordinate xo,n- With these notations we 
obviously have / o 7r(o,n) — {t^u, t^o)- Thus we obtain 

B(M(i^„+i) \ (0, n)) = /,^(o,„)^ B(K„+i) = (7r„, TTo)* B(if„+i). 

Therefore, we can conclude that 

I/, B(Af(i^„+i) \ (0, n))| = {(a;, y) G B(if„) X B(if„) : 7ro(x) = ^„(y)}. 

Here the first complete graph A'„ has vertex set {0,1, ... ,n — 1}, whereas the second 
has vertex set {!,..., n}. As all occurring weights are 1, it follows by theorem [3.9l that 

/, B(M (Kn+i) \ (0, n))/L is isomorphic to X^j+p 

In order to prove the second part we notice that B{M (Kn+i) / (0, n))/ L and A^^^^ are 
both matroid varieties modulo lineality spaces and have the same dimension. Therefore, 
it suffices to show that for every flat of Af(iir„_(-i)/(0, n), /(Vp) is in the diagonal of 
B{Kn) X B{Kn) after identifying the coordinates xo^i of the first with the coordinates 
Xi^n of the second to obtain the same set of coordinates in both factors. If _F is a flat of 
M{Kn+i)/{0, n), then F U {(0, n)} is a flat in Kn+i\ but this implies that (0, i) G F if 
and only if [i, n) e F. Hence /(Vf) lies in the diagonal. □ 

5. The fibre morphism 

We now want to construct a morphism into A^„ for a given family T ^ B (we will omit 
the marking to make the notation more concise). It is actually already clear what this map 
should look Uke: It should map each in B to the point in A1„ that represents the fibre over 
h. For the pull-back family defined above this gives us back the map /. For an arbitrary 
family however, it is not even clear that it is a morphism. In fact, we will only show that it 
is a so-called pseudo-morphism and then use the fact that B is smooth to deduce that it is 
a morphism. 

Definition 5.1 (The fibre morphism). For a family T A i? we define a map 

dg-.B^ r('2) : h ^ (distfc,i(ff*(^^)))fe<i, 

where the length of the path from leaf k to leaf / on the fibre is determined in the following 
way: The length of a bounded edge E = conv{p, q} is defined to be the positive real 
number a such that q — p + a ■ v, where v is the primitive lattice vector generating that 
edge. 
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We define ipg := qn o dg : B ^ Mn, where g„ : Im((/)„) is the quotient 

map and 0„ maps a; G K" to (x^ + Xj)i^j. 

As mentioned above, we will not be able to prove directly that ipg is a morphism. But we 
can show that, in addition to being piecewise linear, it respects the balancing equations of 
B. Let us make this precise: 

Definition 5.2 (Pseudo-morphism). A map f : X ^ Y of tropical cycles is called a 
pseudo-morphism if there is a polyhedral structure X of X such that: 

(1) /|r is integer affine linear for each t E X 

(2) / respects the balancing equations of X, i.e. for each t e ^{dm\X-i) j (jgjjotes 
the induced piecewise affine linear map on Starx(T) (cf. ifTTl section 1.2.3]), we 
have 

As for a morphism, we denote by A/i^- the linear part of / on r. 

Remark 5.3. We can reformulate the second condition as follows: If we choose a G 
a for each <j > t and po,...,pd E t a basis of Vr such that Va- — po = Wcr/r and 
Y.a>T'^x{cr){va -Po) = Ya=i o^iiPt " -Po) with ai, ...aa S R, then 

d 

J2 ^xi<T)UM - /bo)) = E "^(/(^^^) - f^po))- 

Note that it suffices to check this condition for a single choice of Vcr,po, ■■■Pd, since any 
other choice would only differ by elements from Vr, on which / is affine linear It is also 
clear that / satisfies the above properties on any refinement of X if and only if it does so 
for A". 

Proposition 5.4. Let X be a smooth tropical variety, Y any tropical cycle and f : X ^ Y 
a pseudo-morphism. Then f is a morphism. 

Proof. It suffices to prove that each piecewise Unear pseudo-morphism / : B(Af ) — > Y 
from a matroid variety to a fan cycle is a linear map because being a morphism is a local 
property and we can lift any pseudo-morphism B{M)/L — s> F to a pseudo-morphism 
B(M) — s> Y. By deleting parallel elements we can assume that one element subsets of 
the ground set E{M) are flats of M. It is easy to see that / must be a pseudo-morphism 
with respect to the fan structure B{M). Now we show by induction on the rank of the 
flats that for all flats F we have /(Vf) = J2ieF fi^{i})- '^he vectors are linearly 
independent this implies that / is linear. Let F be a flat of rank r. We choose a chain of 
flats of the form J" = (0 C i^i C . . . C Fr-2 C F C Fr+i C . . . C F,(m) = E{M)), 
with T{Fi) = i. The fact that / is a pseudo-morphism translates the balancing condition 
around the facet J' in B{AI) into 

E /(^g) = fiVr) + (|{G : F,_2 C G C F flat }| - 1) • 
Now the induction hypothesis for the flats G, Fr-2 implies that, as required, /(Vf) = 

Proposition 5.5. For any family T ^ B, the map tpg : B ^ Ai n is a pseudo-morphism. 
Before we give a proof of this proposition we use it to prove our main theorem. 
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Theorem 5.6. For any smooth variety B, we have a bijection 



Families {T^B^r") 
of n-marked tropical curves 
modulo equivalence 



1 1:1 f Morphisms 'I 



{Bf n B, (id X [s^: o /))) ^ /, 

where ipg : B A4n is the morphism constructed in definition 15.71 B^ is the tropical 
subvarietyofBxA4n+i introduced in definition \4~Tl] ttb ■ B^ — >■ B is the projection to B, 
and sf,i = 1, . . . , n w the tropical marking of the forgetful map described in proposition 
El 



Proof. We have already shown in corollary 14. 12l and proposition 15 . 5 1 that these maps are 
well-defined. It is obvious that they are inverse to each other. □ 

Corollary 5.7. The tropical variety A4„ is a fine moduli space for the contravariant func- 
tor F from the category of smooth tropical varieties into the category of sets, defined by 



F : OhiiiSmoothTrop)) -> Obj((S'ets)) 
B ^ 

MoT{{SmoothTrop)) Mor{{Sets)) 



Families {TA-B.rf) 
of n-marked tropical curves 
inodulo equivalence 



where 



f* : {T' B'} {T ^ B} 

{T' B') ^ {B'^f/°^' B) 

is the pull-back of families induced by composing f with the fibre morphism and construct- 
ing the corresponding family. 

The rest of this section is dedicated to proving proposition 15.51 For all the following 
proofs, we will assume that T and B are polyhedral structures of T and B satisfying 
B = {g{(j), a G T}. This is possible by ifTTl lemma 1.3.4]. 

Lemma 5.8. Fibres over the relative interior of a cell t in B have the same combinatorial 
type. More precisely: For each t Cz B,b E T,b' E rel intr, there exists a piecewise linear, 
continuous and surjective map 

for which the fallowing holds: 

(1) Ifb, b' E rel int(T), tf,/ ;, is a homeomorphism 

(2) Ifliib), li{b') denote the i-th leafs of the respective fibre, then 

tb'.b{h{b'))=h{b). 

(3) On each edge e of g*{b'), tb'.b is ajfine linear and e is either mapped bijectively 
onto an edge with the same primitive direction vector or to a single vertex. In 
particular, vertices are mapped to vertices. 

(4) //'ei, 62 are two different edges of g*{b'), then 

\tb',b{ei)r\h'^{e2)\ < 1. 

(5) For each a E T such that g{a) =^ t, we have 

tb>Mi\g*ib')\nc7)Ca. 



16 



GEORGES FRANCOIS AND SIMON HAMPE 



Proof. Let cr G T such that 5 (ct) = r and denote by Ch := \g* {h)\(^a,Cb' \g* {b')\r\a. 
Similarly, if b\ :=h + \{h' — 6), A G [0, 1], we denote by Cb), its fibre in a. 

If dimCT — dimr, then f\„ is injective and Cfc, Cb' are single points. 

If dima = dimr + 1, then Cb' must be a line segment and Cb is either a parallel line 
segment or a point. Furthermore, Cb is unbounded, if and only if Cb' is unbounded (in the 
sense that it intersects da in only one point). Indeed, assume Cb' to be unbounded. Then 
Cb' = {x + a ■ v\a > 0} for some x and v in W\ Now let p.q be distinct points in Cb- 
Then 

a3 {1-X)p + X{q + av) for all A G [0, 1], a > 

= ((1 - X)p + \q) + aXv G Cb^ 

due to convexity of a. Hence Cb^ is unbounded for all A > and since 5 is a continuous 
map, Cb must be unbounded as well. The other implication can be proven analogously. 

This gives us a canonical affine linear map i^, ^ : Cb' ~> Cb on each cell a such that 
g{a) = T. We can obviously glue these together to a piecewise affine linear map tb'.b ■ 
g*{h') g*{b) (we will shorten this to t here for simplicity). 

If 6 G rel int(r) as well, we see that g^J^ (rel int(T)) C rel mt{a) for any a on which g is not 
injective, so Cb, Cb' are both line segments and t becomes a homeomorphism. Obviously 
t is affine linear on each edge of g*{b'). Hence, if t^^ is not injective for some edge e, it 
must be constant. Since preserves edge directions, so does t^^. Furthermore, if any 
vertex v were to be mapped onto the interior of an edge e' of g* (&), then all edges adjacent 
to V would have to be mapped to e as well. But two different edges at v have linearly 
independent direction vectors, so they must live in different cells of T- Hence their images 
can only intersect in at most one point. 

Finally we see that a leaf can obviously only be mapped to a leaf with the same direction 
vector. Affine linearity of implies that they must be marked by the same map Sj. □ 

Proposition 5.9. The map dg of definition \5.1\ is integer affine linear on each t E B. 

Proof. We first show that dg is affine linear on each cell: Since r G B is closed and convex, 
it suffices to show that dg is affine linear on any line segment conv{6, b'} C t, where & G r 
and b' G rel int(T). 

Let (T G 7" such that g{a) = r and dim a ~ dim t + 1 and both fibres Cb, Cb' are bounded 
(see proof of l5.8l obviously only these fibres are relevant for the distance map dg). Then 
the map : conv{6, b'} — s> K, which assigns to 6a := b + A(6' — 6) G conv{6, 6} the 
length of its fibre in a, is affine linear since g^J^{com{b, b'}) is a polyhedron. 

Denote by Cb^ {k,l) the set of all cells in T of dimension (dimr + 1) such that g^J^{b\) 
is contained in the path from fc to / in the curve g*{b\). Then we have 

Since we know that dg is affine linear, it suffices to show that Cb^ {k, I) — Cb^ {k, I) for all 
A, p G [0, 1], which immediately follows from the fact that the map t\,p identifies equally 
marked leaves and hence edges lying on the same path. 

It remains to show that dg is an integer map: We want to show that for b,b' G t such that 

b — b' E Ar, we have dg{b') — dg{b) G 2(2). Choose cr such that the fibre of b' in ct is a 
bounded line segment. It is easy to see that we must have two endpoints p, q of both fibres 
lying in the same face ct' < ct, and hence in the same hypersurface of Va which is defined 
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by an integral equation 

h{x) = a; h e A^,a G R. 
By surjectivity of Xg^„ : Ag- — > At-, we have 

A„ =Ar X {v}^ 
for some primitive integral vector v (which generates ker Xg\a)- 
Under this isomorphism we write the coordinates of p, q and h as 

P = {Pl, ■ ■ ■ ,Pk,Pv) 

q = {qi, . . .,qk,qv) 

h{xi, . . . ,Xk,Xy) = hixi H 1- hkXk + Kxy, 

where pi — qi G Z for i = 1, . . . , k, hj £ TL for all j and ^ (since otherwise \g 
would not be injective on the corresponding hypersurface). Now the identity h{p — q) = 
transforms into 

fc 

= ^(g^ -Pi)hi + {qy -pv)K 

i=l 
k 

= X^f^^' ~ b)thi+{qy -py)jT^. 

ez 

Hence qv — Pv ^ Q. and q — p £ ®z Q. 

So there exists a minimal fc G N such that fc ■ (q — p) G Ao-. In particular, fc • (g — p) is 
primitive. Assume fc > 1. Then Xg{k ■ {q — p)) — k ■ [h' — h). By surjectivity of \g, there 
exists an a G Aq.' such that \g{a) — h' — h. (Note that we cannot use lemma IsTTt] here 
since is injective.) This implies Ag(fc ■ a) = \g{k ■ [q — p)). Since Ag is injective on 
Ao-/, we must have k ■ a = k ■ {q — p), which is a contradiction since the latter is primitive. 
Hence fc = 1 and q — p £ K„. 

Finally we obtain 

K3{q' -p')-{q-p)^{dl{b')^dl{h))-v. 
Hence, since u is primitive, dg (6')— (ig(&) G Zandthesame follows for (ig(6')—(ig(6). □ 

Before we can prove that ^pg is a pseudo-morphism, we need to fix a few notations: 
Notation 5.10. 

• Let T G ^(dimis-i)^ Choose pa,pi, . . . ,pd G rel int(T) such that {pi — po',i = 
1, . . . ,d} is a basis of Vr- Furthermore, for each cr > r, choose a point v^r G 
rel mt{a) such that Va — po is a representative of Uct/t- We can assume that this 
is possible since there always exist Va G rel int(cr) , go- G Q such that Va- — po ^ 
q„ ■ Uct/t modulo Vr- We can then make our choice such that q^ = q^' =■ q for 
all cr, cr' > T, so 

^ U„/r = -^{Va - Po)- 

Hence the left hand side is in Vr if and only if the right hand side is. 
So we obtain that 

d 

for some aj G M. 

• Lemma ISTSl iustifies the following definitions: We fix fc, Z G [n]. 
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Denote by gi, . . . , G T the vertices of the fibre g*{po) which lie on the 
path from k to I. 

The fibre of has the same combinatorial type as g*{pa), so for j = 1,. . . ,d, 

(i) 

denote by g^- , i = 1, . . . , r the i-th vertex in the fibre of pj. 
Let a > T. The preimage of qi under ty^^p^ contains a certain number of 
vertices lying on the path from k to I, the first and last of which we denote by 
<llk and qli respectively. 

Let Wi,i = 1 , . . . , r — 1 be the prinnitive direction vector of the bounded edge 
from Qi to Qi+i. We define the lengths e,, eY',ef > of the corresponding 
edges via: 



qi+i =qi + ei- Wi, 



In addition we fix wq := — Wfe, ■= vi, where Vk and vi are the primitive 
direction vectors of the leaves marked k and I. 

For i = 1, . . . ,r, denote by ef^, t = 1,. . . , rt^a the length of the edges on the 
path from g?^ to g^^;. 




9h g*{va) 



g*{po) 



g*{Pj),j > 



Figure 5 . L An illustration of the chosen notation 



• We define 



^k,l ■- 



a>T \t=l / 
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Summing up over all length differences at each vertex and edge and exchanging 
sums gives us the following equation: 

d 

4,/(t) := ^{distk,i{v„) - distk,i{po)) ~^aj{distk.i{pj) - distk.i{po)) 

(T>T j — 1 

r-1 

= J2{dli+^li) + dh- (5.1) 

i=l 

Remark 5.11. To prove that ipg is a pseudo-morphism, we need to show that {6k,i)k<i G 
Im((/)„), i.e. it is in Mn- The idea for the proof is the following: A cell p that maps non- 
injectively onto some t E B (and thus carries edges of the fibres of the pt) is a codimension 
one cell in T. We will show that the vertices of the fibres in the surrounding maximal cells 
can be used to express the balancing condition of p (lemma 15. 131) . However, dimp = 
dimr + 1, so we have an additional generator Wi of Vp (that generates the kernel of g\p). 
We will then show that the quantities ^ and d\. j we defined above can be expressed 
in terms of the coordinates of the balancing equation in this element Wi (lemma 15.161 ). 
These expressions will then yield 6k,i as an alternating sum where everything except the 
?«i -coefficients of the vertices at the leaves k and I cancels out. 

Lemma 5.12. Let p E T be a cell such that g{p) ~ t and g\p is not injective. Then there 
is a bijection 

n:{p'>p}^{a> r}; p' ^ g{p') 

Proof. For surjectivity of 11, let a > t. Choose elements p € rel int(T), q € rel mt{a). 
By lemma ISTSl t^p{g*{p) n p) is a line segment. Let p' be any cell containing an infinite 
subset of this. In particular, g(p') = a. Then we can use the last statement of 15. 81 to see 
that we must have p' > p. 

For injectivity, assume that g{p'i) — g{p'2) = a > t for two distinct p[ > p. Then 
tq,pi\9* {9)1^ P'i) = I5* (p) I Hp for i = 1,2, which is a contradiction to the fourth statement 

ofESl □ 

Lemma 5.13. Let p Cz T be a cell such that G p and ker^iy^ — (wi); i.e. p contains 
(part of) the i-th edge. Then for any p' > p we have Up, j p = q^^ — qi. 

Similarly, if ker g^y^ = (wi^i), then Upi jp = ql^, — qi. 

Proof. We only consider the first case, since the second case is exactly analogous. By 
lemma l57T2l there is a bijection 

n: {p'>p}^{a>T}; p' ^ g{p'). 

Also, since is surjective, we have the following isomorphisms: 

Ap' = Ag(p') X {wi) for all p' > p, 

Ap = X {wi) 

=^ Va, = ^^('•'Ka.- 

Since for any a > t, ty^_p^ ilii ) = Qi ^nd the map preserves polyhedra, both vertices are 
contained in a common polyhedron which must be a face of p' 11^^ (cr). Hence ; — q^ 
is a representative of u^i /pi — (u^/t i 0) = {va —Po,0) using the isomorphism above. □ 
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Corollary 5.14. For each k ^ I E [n], each i ~ 1, . . . , r, there exist ^i{k, I), Xii^i ^ 
such that 



^ - q.,) = J2{ql, - q.) + UK ' w,, (5.2) 

j — 1 (7>r 
d 

- qi) = Y^iqlk - li) + X^{k. I) ■ w,^i. (5.3) 



j — l (T>r 

Proof. As in lemma l5T3l choose p E T such that qi G p and kei g^y^ = (wi). Then we 
know that 

(7>T 

Furthermore, by lemma 15781 qi,ql^\ ■ ■ ■ ,qi'^^ are all contained in a common face of p, 
hence 

d 

as well. Since both sums map to the same element J2cr>T('^'^ ~ Po) = '^jiPj ~ Po) 

under g, they can only differ by an element from ker g^y^, = (wi), which implies the first 
equation. The second equation follows analogously. □ 

Remark 5.15. Since wq — Vk is the same for all I, it is clear from the equations themselves 
that Xi(fc: = Xi{k) actually only depends on k. Similarly, only depends on I and if 
we reverse the path direction, we find that 

Xi{k)=xi{k,l) = -Ul,k). 

Lemma 5.16. For each k =/= I G [n\we have 

^k,i = 6 - X»+i for alH = 1, . . . , r - 1, 

dii = -6 for all i = l,...,r. 



Proof. If we subtract equation (I5.2l i from (I5.3l l for z + 1, we obtain 

E«.(('/li\-9?'V(*+i~?.)) 
j=i ' ' 

^ ^ 

cr>r V 

— (e^ 

Factoring out Wi we obtain 

For the second equation let i e {1, . . . , r} be arbitrary. Since g*{po) is a smooth curve, 
it is locally at qi isomorphic to L™'*''"'. Denote by 0i, . . . , Zs the direction vectors of the 
outgoing edges, w.l.o.g. zi = —Wi-i, Zg = Wi. Now each edge E in the preimage of qi 
under i^„,po induces a partition of the set {1, . . . , s} = Ie^Ie such that x,y E {1, . . . , s} 
are contained in the same set if and only if the path from Zx to Zy does not pass through E 
(i.e. we separate the "on one side of E" from the others). It is easy to see that, due to the 
balancing condition of the curve, the direction vector of E must be 



We 



± ^a; — T Zy, 
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depending on the choice of orientation. One can, for example, see this by induction on the 
number of edges. Now assume E lies on the path from k to I; i.e. in t^/p„ {qi) it lies on the 
path from q^/^ to q'^i. Choose Ie such that 1 ^ Ie ^ s, i.e. we points towards I. Denote 




"locally at i-;p^,(g,)" 



g*ipo) "locally at qi 



Figure 5.2. The direction vector of an edge is determined by the Zi 
lying "behind" it. 

by Ef, . . . , E^. ^ the sequence of edges from q^^. to g"";. Subtracting equation ( 15.2b from 
(15.3b for the same i, we obtain 

X! (^M ~ 'ilk) +^i-Wi-Xi- W^-l 
o">r 



a>T \t=l 



Vcr>r \t=l 



EIE<*I E 

xeiEt\{s} 



a>T \t=l 



+ Zs+Xi- Zl 



: — i?,, contains neither z\ nor Zs 



R. 



=Zs ■ idk,i+£.i) -Xi E^^ 

Since Zi does no longer appear in this equation and {z^.x ^ 1} is linearly independent by 
smoothness, the coefficient of Zg must be 0: 



□ 



Proof of vwvosition \5.5\ By equation ( 15.1b and lemma lSTSl we have 



r-l 



4,/(r) = ^(4,/ + Al,) + dI,, 



Xl(fc,0-Cr(fc,0 



'™xi(A;,0 + xia,^) 



Hence 



'xm+xiiV)- 

{Sk,l{T))k<l ^ (l)n{{Xl{r))r=l,...,n)- 



□ 
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Before concluding this section we want to see that the second condition in our definition 
of prefamiHes is really only necessary for cells on which g is not injective (cf. remark 
14.3b . Therefore, we first notice that the proofs of lemma 15. 8 l and lemma l5T2l do not use the 
second prefamily axiom. 

Lemma 5.17. Let B be a smooth variety and let g : T ^ B be a locally surjective 
morphism of tropical varieties all of whose fibres are smooth rational curves with n un- 
bounded edges. Let t G T be a cell on which g is not injective. Then Ag|^ ; At — > Ag^^) 
is surjective. Moreover, all maximal cells in T have trivial weight 1. 

Proof. We assume without loss of generality that B is connected. As this implies that B is 
irreducible (cf. [4, lemma 2.4]) the bijection of lemma l5. 12l implies that there is an integer 
A such that ojt{o') = ^ ■ for all maximal cells in cr G T. We thus need to show 

that A = 1 and that g(vc,/r) = '"g{cr)/g{T) if 9 is not injective on r, i.e. g maps normal 
vectors to normal vectors. It is clear that g{vo-/r) is a multiple of Vg(^„yg[r)'^ as S is a 
matroid variety, it follows that g{v„/r) = ■ Vg(^cr)/g{T) for some A,- G Z>o which does 
not depend on a. Let (pi . . . , <y5dim(B) be rational functions with ■ ■ ■ (pdim{B) • B = {0} 
(cf. proof of lemma 13.3b . Comparing the weight formulas for intersection products of 
W¥'i - Vdi„(B) B({0}) and tdg*^^...g^^^.^^gyTiT) for an edge t eT,v/e see that A = 1 and 
A/j = 1 for all cells ^ > r. □ 

6. Equivalence of families 

In the classical case, two families T ^ B^T' ^ B are equivalent if there is an isomor- 
phism ip : T ^ T' that commutes with the morphisms and markings. Such an isomor- 
phism hence automatically induces isomorphisms between the fibres g*{p) and g'*{p) of a 
point p in B. 

Recall that we call two families equivalent if their fibres over each point agree. We would 
like to show the existence of such an isomorphism ip : T T' for any two equivalent 
families. In fact, requiring ip to identify the fibres already uniquely fixes the map ijj, so 
for any two equivalent families of n-marked tropical curves we obtain a bijective map 
T ^ T' that commutes with g, g' and the markings by identifying the fibres over each 
point p (which are isomorphic by definition). We would like to see if this map is in fact a 
morphism. Again, we will only be able to show that it is a pseudo-morphism and since in 
general we can not assume T to be smooth, we cannot give a stronger statement. 

Definition 6.1. Let T B,T' ^ B he two equivalent families of n-marked tropical 
curves. Now for each point pin B there is a unique isomorphism of tropical curves 

(i.e. it identifies equally marked leaves and is linear of slope 1 on each edge). We define a 
map 

t i-'g(t){t)- 

Theorem 6.2. The map ip is a bijective pseudo-morphism whose inverse is also a pseudo- 
morphism. In particular, ifT or T' is smooth, ip is an isomorphism. 

Proof. Since the construction of ?/> is symmetric, it is clear that the inverse of t/j is a pseudo- 
morphism if ip itself is one. Also, by proposition 15. 41 it is an isomorphism if any of T or 
T' is smooth. 

First, we prove that ip is piecewise integer affine linear: Let t E T and choose t <E T,t' G 
rel int(r). Again, it suffices to show that tjj is affine linear on the line segment conv{t, t'}. 
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By lemma 15.81 t and t' lie on edges of the corresponding fibres which have the same 
direction vector w. Select vertices p, p' of these edges such that t = p+a-w,t' = p' +a' -w 
for a, a' > 0. 

Denote by q := 4'{p),q' '■= V'(p') let ^ be the direction vector of the corresponding 
edge in T'. Hence 

'ip{t) ~ ipip + a ■ w) ^ q + a ■ ^ 

ip{t') = Tp{p' + a' -w) = q' + a' 

and using the fact that any convex combination of p and p' must bv l5.8l again be a vertex, 
it follows that 

+ jit' - t)) = ip{{p + j{p' ~p))+w{a + 7(a' - a))) 
= iq + l{q' -q))+^-{a + 7(a' - a)) 

for any 7 G [0, 1]. Hence tp is affine linear. Using the fact that it has slope 1 on each edge 
of a fibre and that g' o t/j — g, it is easy to see that it respects the lattice. 

It remains to see that 1/; is a pseudo-morphism, so let r be a codimension one cell of T. We 
distinguish two cases: 

• g\T- is injective: Then (/(r) is a maximal cell of B, so the adjacent maximal cells 
a > T sae also mapped to .g(r). So if we take a point p G rel int(T), the normal 
vectors v^^j- — p correspond to normal vectors of the edges of the fibre g*{g{p)) 
adjacent to p (after proper refinement). Since the fibre is smooth, these add up to 
and by definition of ip, so do their images ip{va./r) — i'ip)- 

• 5|r is not injective: Hence the fibre in t over a generic point po G .?(''■) is contained 
in the m-th edge on the path from some leaf k to some leaf / (it doesn't really 
matter, which one). Choose poi • ■ • jPd, in gij) and its adjacent cells .g(cr), cr > 
T as defined in 15.101 We now use the shorthand notation q^ , qj , q^ for the m-th 
vertex point of the fibres of po,Pj and Uo-. Now lemma |5T3] tells us that q^ — qo 
is actually a normal vector of a with respect to t and that its balancing equation 
reads 

d 

^i^'T - 9o) ^^aj{qj - qo) - ^1(^,0 ' Wm- 

cr>r j=l 

Now the image of qo under t/j is by definition the m-th vertex of the fibre g'* (po), 
so we also get 

d 

^{ipiqa) - -0(90)) = ^aj{ip{qj) - -0(go)) - Cm ■ llj{Wm)- 

cr>T j = l 

Hence, to prove that is a pseudo-morphism, it remains to show that {k,l) = 
By the proof of proposition |53] we know that 

Since the left side is independent on the choice of family by definition (it is defined 
only in terms of lengths of fibres) and $„ is injective, we must have Xii^) = 
Xi (k) for any k. Using the fact that d^, ^ and A^. j are also independent of the 
choice of family and applying lemma l5T6l inductive Iv. we finally see that 

Xfik, I) = xT (k, I) and (fc, = (k, 
for any possible i,k,l. 
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